Introduction
Thin plates are important as structural elements in many micro electro mechanical systems (MEMS). They enable devices such as capacitive micromachined ultrasonic transducers (CMUTs) [1] , and a range of pressure sensors including piezoresistive [2] , capacitive [3, 4] and optical pressure sensors [5] . These devices all use a thin plate which is deflected due to either a pressure or an applied voltage.
In the design of such devices some of the important parameters are the deflection of the plate, the center deflection, the strain energy and the resonance frequency. In some cases these devices use a plate made of an isotropic material, such as amorphous SiO 2 , and the static deflection surface, w(x, y), is calculated by solving the Kirchhoff-Love isotropic plate equation [6] 
where p is the applied pressure difference across the plate and the isotropic flexural rigidity, D i , is given by
where E is the Young's modulus, ν is the Poisson's ratio, and h is the thickness of the plate. The plate equation is then solved using appropriate boundary conditions and the obtained deflection surface can be used to calculate the stress and strain distributions, important for piezoresistive sensors, or in the case of CMUTs and capacitive pressure sensors the capacitance of the device can be found. This procedure works well if the plate material is isotropic and for circular and elliptic plates an exact solution is available [6] . Expressed in cylindrical coordinates, the static deflection w(r) for a thin circular plate with radius, a, clamped at the periphery is [6] w(r) = w 0 1 − r a 2 2
assuming that the boundary conditions are given by ∂w(0)/∂r = 0, ∂w(a)/∂r = 0, w(a) = 0 and that the center deflection, w(0), is finite. The center deflection is given by
These expressions are only valid, when the deflection of the plate is sufficiently small compared to the plate thickness, i.e. for h/w 0 5, such that stress stiffening effects can be ignored. Also, it is assumed, that the aspect ratio of the plate is sufficiently large, a/h 40, which ensures that the plate is thin enough that the contribution from shear deformation is small. In the calculations it is assumed that the plate is clamped (∂w(a)/∂r = 0, w(a) = 0) at the boundary. Real plates, however, have elastic boundaries [7, 8] and the effect of this is to make the plate more soft. This effect can be captured analytically by introducing an effective radius as explained in Appendix A.
For rectangular and square plates a simple exact solution to the plate differential equation does not exist. Instead, approximate solutions based on series expansions are normally used [6, 9, 10] .
The center deflection, w 0i , of a clamped square isotropic plate, having sidelength 2L, exposed to a uniform load, p, is given by [9] w 0i = 0.020245105392
The prefactor in this equation has recently been calculated with high precision using the classical double cosine series expansion to the deflection [9] .
The plate material, however, is not always isotropic. Many devices use plates of crystalline silicon fabricated either by bulk micromachining [11, 12] or wafer bonding techniques [13] [14] [15] [16] . Crystalline silicon is an anisotropic material with a diamond cubic crystal structure widely used as a mechanical material [17] . Plates made on silicon (111) substrates behave like isotropic plates, with constant Young's modulus and Poisson's ratio and the isotropic plate equation can then be used to calculate the deflection of such plates. However, for other silicon substrates, such as silicon (001) and silicon (011), Young's modulus and Poisson's ratio are strongly anisotropic [18] , and (1) and (2) therefore cannot be used to calculate the deflection. Despite of this fact, these equations are widely used in research papers and textbooks (for example [19] [20] [21] [22] ), using for example mean or effective values of the Young's modulus and the Poisson's ratio [23] , perhaps due to the absence of a good alternative. This can result in errors up to 10-25% in the calculated center deflections. The problem is illustrated in Fig. 1 that shows a cross section (y = 0) of the deflection surface of a thin clamped circular plate made on a silicon (001) substrate as calculated by finite element modeling (FEM) taking anisotropy into account. The two dashed curves show the deflection as calculated from (3) and (4) using values of Young's modulus and Poisson's ratio corresponding to the [100] and [110] directions on the silicon substrate, respectively. These solutions to the isotropic plate equation are clearly not a satisfactory approximation to the anisotropic problem as the difference in the calculated center deflections are 8-10% compared to the exact anisotropic solution. Using mean values of the Poisson's ratio and Young's modulus reduces the difference in the calculated center deflections to around 1% but is still an unsatisfactory approach. For beams and cantilevers the solution is to use the Young's modulus and Poisson's ratio corresponding to the orientation of the structure. However, for plates this procedure cannot be applied.
The solution to this problem is to use the proper The full line corresponds to the exact analytical result for the anisotropic plate, to be derived in section 9, as expressed by (3) and (31) . The isotropic approach clearly leads to large errors in the center deflection (difference compared to FEM is around 10%) whereas the analytical anisotropic result is in excellent agreement, difference in calculated center deflection is less than 0.1%, with the FEM calculation.
anisotropic generalized plate equation [24, 25] 
(6) The plate equation coefficients k 1 to k 4 and the anisotropic flexural rigidity, D a , to be defined later, depend on the elastic constants of the plate material. This plate equation has been used extensively in the field of solid mechanics [25] to study the deflection of laminates. However, the expression for the plate equation coefficients in the equation were derived assuming that the plate is monoclinic. To overcome this restriction (which for example excludes the correct treatment of Si(111) plates), we will derive the plate equation for an arbitrary crystal class.
In an anisotropic material the elastic constants depend on the orientation of the plate with respect to the crystallographic coordinate system. The procedure to solve the plate equation is therefore 1) to obtain the elastic constants for the plate, 2) to calculate the parameters in the anisotropic plate equation and finally 3) to solve the differential equation using suitable boundary conditions for the plate in question.
This approach will be used to find center deflections, strain energy, resonance frequency and deflection surfaces for plates fabricated on (001), (011) and (111) silicon substrates. The results will allow designers to easily perform calculations on silicon plates and the results will be shown to be in excellent agreement, difference in center deflection of less than 0.1% as shown in Fig. 1 , with anisotropic finite element calculations.
The article is organized as follows: The definitions of stress, strain and the transformation of the stiffness and compliance tensors are described in sections 2 and 3 and the anisotropic plate equation is derived in section 4. Section 5 is devoted to calculation of the strain energy and the resonance frequency of plates. Then, in sections 6 and 7 the anisotropic plate equation is solved for a number of different plate geometries (circular, elliptic, square and rectangular plates) using exact solutions for the circular and elliptic plates and applying the Galerkin method for square and rectangular plates. This yields simple expressions for the center deflections, and the deflection of the plates are in excellent agreement with FEM. The focus is then shifted towards silicon as an anisotropic mechanical material . First, the mechanical properties of silicon substrates are described in section 8. Then, the anisotropic plate theory is used to study the anisotropic behavior of thin circular, section 9, and square, section 10, plates made on (001), (011) and (111) silicon substrates, respectively. Section 11 provides an example on how to use the derived theory on circular and square silicon plates and provides simple, yet accurate, ready to use expressions for several important plate design parameters. Finally, in section 12, the article ends with conclusions.
Stress and strain
The states of stress and strain in a linear elastic material with arbitrary crystal symmetry are fully specified by symmetric second order stress and strain tensors [26] . The linear relation between the stress and strain tensors is described by fourth order compliance or stiffness tensors. In equilibrium the stress and strain tensors in general have six independent elements each, due to the symmetry, and thus the states of stress and strain are conveniently represented, using the 6-vector Voigt notation, as the vectors [27] 
The figure shows the substrate (full line) and plate (dashed line), coordinate systems used in the calculations. The coordinate system for a plate is generally rotated an angle ψ with respect to the main coordinate system for the substrate. The figure also shows a rectangular plate having sidelengths of 2a and 2b in the x-and y-directions, respectively. The plate is clamped at the periphery as indicated by the thin solid line around the plate. The z-axis is normal to the plane of the plate. 
Thus, knowing the rotation matrix, (9) , relating the two coordinate systems, the stiffness and compliance matrix elements in the rotated coordinate system can be found.
Plane stress
When a structure, such as a plate, is thin compared to its lateral dimensions all stresses related to the z−direction are small and may be set to zero (this is the so-called plane stress condition), i.e. σ 3 = σ 4 = σ 5 = 0, while the stresses σ 1 , σ 2 , and σ 6 are non-zero as are in general all the components of strain. Since stresses and strains are linearly related, three linearly independent strain components are sufficient to fully specify the three non-zero stresses. As a result we may, without loss of generality, write 
The effective compliance matrix S eff can always be inverted to form an effective stiffness matrix, C eff = (S eff ) −1 , and thus (15) may be solved for the stresses 
Notice, that while the elements of the (3×3) reduced compliance matrix, (15) , are obtained directly from the (6 × 6) compliance matrix, (7), for the plate the reduced stiffness matrix must be found by inverting S eff . The effective compliance matrices for the 32 crystal classes are listed in Tab. 1. It is noted, that under the plane stress condition, only 5 different types of plates, Type I to Type V, exist when grouped according to the effective compliance. It is also noted, that trigonal and hexagonal crystal plates will behave as isotropic plates.
Anisotropic plate equation
In this section we derive a general plate equation valid for thin plates of a material with arbitrary crystal symmetry. The calculations are performed in a Cartesian coordinate system with the z-axis normal to the plane of the plate. The plates are assumed to be stress free before the differential pressure load is applied.
The starting point is the force balance in the z−direction for a thin plate with the thickness h and the pressure load p
which results from combining force and moment balances for the plate. Notice the sign convention used for the pressure: A positive value of p will lead to a positive deflection in the z−direction. On kinematic grounds, the strains in the small deflection approximation are [28] 
∂y 2 , and ε 6 = −2z
where w = w(x, y) is the deflection of the neutral plane in the z−direction. Inserting (17) and (20) in (19) The plate equation (21) with the coefficients (22)- (26) is valid for plates of arbitrary crystal class as long as the plates are sufficiently thin and the deflection sufficiently small as described in the introduction.
Tab. 2 shows the expressions for the flexural rigidities and Tab. 3 shows the plate equation coefficients for the five different types of plates. Plates of Type V are highly anisotropic. For plates of Type IV it is found that k 1 = −k 3 . It is noted, that k 1 = k 3 = 0 for plates of Type I, II and III and in these cases, the generalized plate equation, (21) , reduces to the reduced plate equation 
Strain energy and resonance frequency
Once the anisotropic plate equation has been solved, the strain energy can be calculated from the deflection, w(x, y). In the case of plane stress, the strain energy, W , stored in an elastic anisotropic body is given by [29] 
where V denotes that the integral is performed over the entire volume of the elastic body. The strains can be evaluated using (20) and the stresses calculated using (17) . When the strain energy is known, the resonance frequency of a plate, ω, can be estimated using the Rayleigh-Ritz method [10] 
where A denotes that the integral is performed over the area of the plate and ρ is the density of the plate. This Table 1 : Effective compliance and stiffness matrices for the different crystal classes. When the condition of plane stress applies, only five different types of plates exist. For plates of Type IV and V, the inversion of the effective compliance matrix yields results that are too lengthy to fit in the table, and therefore the expressions for the effective stiffness is not given for these types of plates. expression yields values close to the exact resonance frequency with deviations of only of 1% being typical.
Circular and elliptic plates
The anisotropic plate equation was solved for circular and elliptic plates both analytically and using FEM. For these plates, an exact solution to the generalized plate equation, (21), is available.
FEM
Finite element simulations were used to investigate the behavior of anisotropic plates and to validate the analytical expressions obtained. The simulations were performed in COMSOL Multiphysics version 4.2a using the small deflection assumption. The FEM simulation results for the center deflection of an isotropic circular plate were compared to the exact analytical solution, (4), and the mesh was optimized to ensure convergence of the simulation. The boundary condition used for the edge of the plates is that the displacements are zero in all directions.
The analytical solution, (4), assumes, that shear deformations can be ignored because the plate is thin. This condition is only met when the aspect ratio of the plate is sufficiently high. Fig. 3 compares the difference between the calculated center deflection using FEM and the analytical result , (4), as function of the aspect ratio of the plate. For aspect ratios larger than 100 an excellent agreement between the two results is seen (difference less than 0.01%), and this aspect ratio was chosen for all FEM calculations in this article.
When the effect of shear deformation on the deflection is taken into account, the exact deflection of a circular isotropic plate is given by [30] 
where the second term includes the effect of shear deformation which is proportional to (h/a) 2 . This term will vanish when the thickness of the plate is small compared to the lateral dimension. The boundary condition used for deriving this equation is that ∂U/∂z = 0 at z = 0, r = a where U is the radial displacement at any point. This equation is shown as the dash-dotted line in Fig. 3 . The model predicts the same trend as seen by FEM and the small difference between the two results is due to the use of slightly different boundary conditions. For an aspect ratio of 20, the center deflection differs around 1% from the analytical result for pure bending.
Analytical solution
For circular and elliptic plates an exact solution to the anisotropic plate equation can be found. As noted by Illing [31] the shape of the static deflection surface of an anisotropic circular plate is the same as that of an isotropic (4) and (30). The figure compares the difference, shown by the solid circles, between the FEM calculated center deflection and the analytical result, (4), as function of the aspect ratio, a/h, of the plate. The error is on the order of 1% for an aspect ratio of 20. For aspect ratios larger than 100 an excellent agreement between the two results is seen, and this aspect ratio was chosen for the calculations. The dash-dotted line is a plot of (30) which takes shear deformation into account.
plate, however, the effective value of the center deflection is different. By inserting (3) into (21) and solving for the center deflection it is found that
As discussed above, due to the symmetry of the deflection, this equation does not contain k 1 and k 3 . If the plate material is isotropic then D a = D i , k 2 = 2 and k 4 = 1 and (31) reduces to the well known result expressed in (4).
Comparing (31) and (4) it is clear, that one can define an effective flexural rigidity, D eff , as
Using this effective flexural rigidity allows to easily change models, such as the lumped element models used for CMUTs [32] , based on the deflection of an isotropic circular plate into models for an anisotropic plate just by replacing D i by D eff [33] . Elliptic plates, with major and minor axis of a and b, are treated in a similar manner and the deflection is described by
where
Notice, that the values of the plate equation coefficients and the flexural rigidity needs to be calculated in a coordinate system aligned to the major and minor axis of the elliptic plate. The strain energy is easily calculated directly from (28) by evaluating the integrals involved using (17) and (20) . For a circular anisotropic plate, the result is
which is the same result as for an isotropic plate where D i enters the equation instead of D eff . The resonance frequency of the anisotropic circular plate is calculated using (29)
Rectangular and square plates
For rectangular and square plates approximate methods have to be used in order to calculate the deflection. In this section we will use the Galerkin method [10] to find approximate analytical expressions for the deflection of rectangular and square plates for any of the five different types of plates.
The Galerkin method has been used by Mbakogu and Pavlovic [34] to study bending of clamped orthotropic plates. The orthotropic plate equation has the same the form as the reduced generalized plate equation, (27) . Therefore, the results for the orthotropic plate is directly applicable to plates of Type I-III with suitable substitution of the plate equation coefficients. For plates of Type IV and V (i.e. tetragonal, monoclinic and triclinic anisotropic plates), where the generalized plate equation (21) , has to be solved, the procedure used by [34] was extended to solve the anisotropic plate equation for an arbitrary plate type.
The Galerkin method
Based on the generalized anisotropic plate equation, (21) (38) such that the anisotropic plate equation can be written as
The deflection surface is approximated by the series [34] w(x, y) = 
where k m = k l is the maximum summation index. The Galerkin system of equations is build as [10, 34] A
The deflection, w(x, y), is then found by substituting (40) into (41) and solving the resulting linear equation system to find the coefficients λ kl . This calculation was performed using the symbolic mathematical programme Mathematica 9.0.
Deflection
We now consider a rectangular plate with sidelengths of 2a and 2b, b ≥ a, clamped along the edges as shown in Fig. 2 . We assume that [34] 
such that the trial deflection function is given by
This expression satisfies the clamped boundary conditions, and the center deflection, w 0 , is given by
We now consider three different trial functions
3)
having one, three and four terms selected from the expansion (43), respectively. The first two trial functions, w m and w n , have only even terms in x and y and they therefore lead to expressions containing only k 2 and k 4 and not k 1 and k 3 . The reason for this is, that the terms in the plate equation containing k 1 and k 3 involves ∂ 4 w/∂x 3 ∂y and ∂ 4 w/∂y 3 ∂x. When these derivatives are applied to even functions in x and y the result is an uneven function which will vanish when the integrals in (41) are performed. Such trial functions are therefore only useful when k 1 = k 3 = 0, i.e. for plates of Type I-III.
The trial function w o contains the uneven term xy which ensures that even terms in x and y containing k 1 and k 3 will appear in the integrand. Therefore, the trial function w o will lead to expressions containing all plate equation coefficients and as such allows for any of the five different plate types. We now consider the results obtained using these trial functions.
One term
The most simple approach is to use only one term in the expansion (43). Using the test function w m , (45), and performing the procedure described above it is found that
and the center deflection,
which for a square plate, a = b = L, reduces to
Three terms (Plate types I, II and III)
We now use the three term test function w n , (46), and perform the procedure described above. The calculated expressions of λ 
The deflection normalized to the center deflection, w n /w n 0 , can be written as
where the plate deflection parameters are given by
The plate deflection parameters, β n and γ n , are listed in Tab. 4 and they depend only on the aspect ratio, c = b/a, of the plate and the plate equation coefficients k 2 and k 4 . It is noted, that β n = γ n when k 4 = c 4 which is the case for an isotropic square plate. Expressions for the center deflections are given in Tab. 5.
Four terms (Plate types IV and V)
Finally, we use the four term test function w o , (47), and perform the Galerkin procedure. The calculated values of λ 
The relative deflection, w o /w o 0 , is given by
where the plate deflection parameters are defined as
These can be calculated using the expressions in Appendix Appendix C.
Strain and stress
The three strains (ε 1 , ε 2 and ε 6 ) for a plate of Type V can be calculated directly from (20) and the expression for the deflection given by (55). The value of the strains at the center of the edges of the plate are important for applications such as piezoresistive pressure sensors. They are given by
and at these positions ε 6 = 0. The corresponding stresses can be calculated using (17).
Strain energy and resonance frequency
The strain energy of a rectangular plate (c = b/a), W , is calculated directly from (28) by evaluating the integrals involved using (17) and (20) . The result for a plate of Type V is and for brevity the equation is expressed as a dot-product. The resonance frequency of the anisotropic plate is calculated using (29) as
2 + 26β(γ + 11) +7γ(3γ + 26) + 13 5δ 2 + 77 52c 2 9 β 2 + γ 2 + 11 + 11δ
The strength of the Rayleigh-Ritz method is, that even with an approximate mode shape an accurate result is obtained. As the overall deflection surface is described by x 2 − a 2 2 y 2 − b 2 2 it can be expected that a simple, but accurate, expression for the resonance frequency can be obtained by setting β = γ = δ = 0. This leads to (61) As will be seen in Sec. 11 this is an excellent approximation.
Isotropic plates
For the isotropic (i.e. 
The difference between this result and (5) is only 0.2% which is a sufficient accuracy for most practical applications. The center deflection, (50), calculated from the one term solution, on the other hand, differs by 5%.
Silicon substrates
We now consider the mechanical properties of silicon (001), (011) and (111) substrates. For these substrates, the coordinate systems used are shown in Fig. 4. 
Stiffness and compliance for Si
For silicon, having cubic symmetry in the crystallographic coordinate system, the effective compliance matrix Table 6 : The room temperature stiffness coefficients for n-type crystalline silicon were measured by [35] at two different resistivities. The experimental relative uncertainty is ±0.02%. The corresponding compliance values were calculated using (8) . The conversion from resistivity to doping level was performed using ASTM F723 [36] . 
The numerical values of the compliance and stiffness elements (both having a relative uncertainty of ±0.02%), as measured by [35] , for silicon are listed in Tab. 6 . These values depend on the resistivity and for highly doped silicon the stiffness elements are around 1% lower than for low doped silicon. In order to calculate the effective compliance matrix in the rotated plate coordinate system the elements of the rotation matrices, (9), needs to be found. These are shown in Tab. 7 for plates on (001), (011) and (111) silicon substrates. By performing the transformation in (13) it is found that the effective compliance matrix in the plate coordinate system can be written as 
The matrix ∆ contains all the information about the rotation. The matrix ∆ is listed in Tab. 8 for (001), (011) and (111) silicon substrates, respectively. Inspection of the matrix ∆ clearly reveals the anisotropy of the silicon crystal:
1. The silicon (001) substrate belongs to the tetragonal crystal family. The crystal class is tetragonaldipyramidal and the crystal class expressed in Hermann-Mauguin notation (also known as the international notation) is 4/m. When a plate on the (001) silicon substrate is aligned to the <100> directions, ψ = 0 or ψ = π/2, the compliance matrix has cubic symmetry whereas an orthotropic symmetry is obtained when the plate is aligned to <110> directions, i.e. ψ = π/4. 2. The structure of the compliance matrix is more complicated for the (011) silicon substrate which belongs to the monoclinic crystal system having the crystal class 2/m known as monoclinic-prismatic. When a plate is aligned to the substrate axis, ψ = 0, the compliance matrix has orthotropic symmetry. 3. The silicon (111) substrate belongs to the hexagonal crystal family. The crystal system is trigonal and the crystal class is3 also known as rhombohedral. Thin plates made on the silicon (111) substrate will behave as isotropic plates since trigonal and isotropic materials have the same structure of the compliance matrix when the condition of plane stress is fulfilled.
In conclusion, thin plates on the (001), (011) and (111) silicon substrates are of plate Type IV, V and I, respectively. On the (001) silicon substrate the coordinate system, shown in Fig. 4a , is aligned such that the x-, y-and z-axis are oriented along the [100], [010] and [001] directions respectively. The coefficient k 4 is constant and equal to one whereas k 2 varies from 2.81 along the <001> directions to a minimum of 1.32 along the <011> directions. The coefficients k 1 and k 3 have extrema for ψ = nπ/8 where n is an uneven integer and they have a value of zero along the <001> and <011> directions. On the (001) silicon substrate
Plate equation coefficients for Si
On the (011) silicon substrate the coordinate system is aligned such that the x-, y-and z-axis are oriented along the Table 9 : Selected values of the plate coefficients k 1 , k 2 , k 3 , k 4 , and the flexural rigidity, 12Da/h 3 for silicon (001), (011) and (111) substrates, respectively. The curly braces are used to group calculated values for the two different resistivities shown in Tab. 6. The topmost value is for the highest of the two resistivities. On the (111) silicon substrate the plate equation coefficients are constant with k 1 = k 3 = 0, k 2 = 2 and k 4 = 1, i.e. identical to those for an isotropic plate.
Considering (2) it is seen that 12D i /h 3 has a value on the order of the Young's modulus. Therefore, the results for the flexural rigidities are plotted as 12D i /h 3 or 12D a /h difference between them is less than 2% on the (001) and less than 4.5% on the (011) silicon substrate. On the (111) silicon substrate D a = D i .
Circular silicon plates
We now consider circular plates made on different silicon substrates. Analytical and FEM calculations were performed for thin clamped circular and elliptic plates made on (001), (011) and (111) silicon substrates. In the FEM calculations, the anisotropy was taken into account by using the appropriate 6×6 stiffness matrix calculated directly from (12) using the stiffness values given in Tab. 6. Fig. 7 shows the normalized center deflection for a circular plate on the (001), (011) and (111) silicon substrates. The deflection is normalized to the value of the FEM center deflection for a plate on the (111) silicon substrate. As expected from symmetry, the exact solution, (31), yields a constant deflection, regardless of the orientation, ψ, on all substrates. Therefore, any single set of values from Tab 9 for k 2 , k 4 and D a can be used.
Center deflection
Using directional values for the Young's modulus and Poisson's ratio, (D.1) and (D.2), to calculate the center deflection using the isotropic expression (4) leads to maximum errors of 10% and 26% in the center deflection for plates on (001) and (011) silicon substrates, respectively. Clearly, it is an advantage to use the anisotropic approach. Finally, it is noted, that circular plates on (001) silicon substrates have a 17% larger deflection than plates with the same geometry but made on (111) silicon substrates. (001), (011) and (111) silicon substrates, respectively. The center deflections are normalized to the center deflection on (111) silicon as calculated by FEM. The curves for the isotropic analytical center deflections were calculated using (2), (4), (D.1) and (D.2). There is an excellent agreement between the center deflections calculated using the analytical anisotropic equation, (31) , and the FEM results. The maximum relative difference between the two results is less than 0.1%.
For plates on (011) silicon substrates, the corresponding number is 2%. Fig. 7 also shows the result of a finite element simulation taking the anisotropic nature of silicon into account. As expected, there is an excellent agreement between the finite element calculation and the exact anisotropic polynomial solution and the maximum relative difference between the two results is less than 0.1%. For plates on (111) silicon substrates, the anisotropic approach yields, as expected, the same result as obtained from the isotropic plate equation. Fig. 1 shows a cross section (y = 0) of the calculated and simulated deflection surfaces for a circular plate on a silicon (001) substrate normalized to the center deflection of the anisotropic deflection surface. The datapoints represent the results from the finite element calculation which is in excellent agreement, difference in center deflection of less than 0.1%, with the deflection calculated from (3) and (31) . Table 10 : Values of the plate deflection parameters (α, β and δ) and expressions for the center deflections for square plates on silicon (001), (011) and (111) substrates, respectively, aligned to different directions. The relative uncertainty in the calculated parameters are below ±0.02% .
Deflection

Square silicon plates
We now consider square plates (c = 1, a = b = L) made on silicon (001), (011) and (111) substrates, respectively. To investigate the deflection behavior of such plates the Galerkin expressions derived in section 7 were compared to FEM simulations. Calculated values of the center deflection and plate deflection parameters (β, γ and δ) for selected orientations of a square silicon plate are listed in Tab. 10 and the variation of these parameters with inplane rotation angle of the plate are shown in figures 8 and 9.
Center deflection
Center deflections for selected directions on (001), (011) and (111) silicon substrates, respectively, are given in Tab. 10. Fig. 8 shows the center deflection of square plates on (001), (011) and (111) silicon substrates as a function of the in plane rotation angle ψ of the square. There is a very good agreement between the FEM results and the analytically calculated center deflections where the three term expression (51) was used for plates on the (001) and (111) substrate and the four term expression (54) for plates on the (011) substrate. The maximum difference between the analytical and FEM result for the center deflection is less than 0.1% on all substrates investigated. Using only one term, however, in the expansion for the center deflection, (45), leads to a difference of around 5%.
Silicon (001)
Plates on silicon (001) substrates are generally of Type IV, and the plate equation coefficients have the special property that k 1 = −k 3 and k 4 = 1. However, when plates on this substrate are aligned to <100> or <110> directions the plate type is II (cubic) and III (orthotropic), respectively. For a square plate on a silicon (001) substrate these special properties leads to the simple result that the plate deflection parameters are identical to those of a square cubic plate. Therefore, the results of section (7.2.2) can be applied and the center deflection, (51), is simply given by
It is noticed, that for square plates on silicon (001) substrates only the plate coefficient k 2 needs to be calculated. Fig. 8 shows how the center deflection depends on the inplane rotation of the plate. The center deflection is almost constant and varies with only 1% having maximum when the plate is aligned to the [100] direction and minimum when the plate is aligned to the [110] direction. The center deflection is normalized to the center deflection of a square plate on a silicon (111) substrate as calculated by FEM and the figure demonstrates the excellent agreement, difference less than 0.04%, between the analytical expression for the center deflection, (66), and the FEM calculation.
Silicon (011)
Plates on silicon (011) substrates are of Type IV and thus highly anisotropic. The deflection of such plates can be calculated based on the results of section (7.2.3). The center deflection is given by (54) and in general involves all four plate equation coefficients, k 1 -k 4 . As seen in Fig. 8 the center deflection is almost constant and varies only 0.4% with the inplane rotation angle.
Silicon (111)
Plates fabricated on silicon (111) substrates behave as isotropic plates, Type I. The center deflection can be calculated from (63) or (2) using values of the Young's modulus, (D.5), and Poisson's ratio, (D.9), from Appendix Appendix D. The center deflection is constant with inplane rotation angle as shown in Fig. 8. 
Deflection
The deflection surface of square plates can be easily calculated using the results of section 7.2.2 and 7.2.3. The deflection depends on the values of the plate deflection parameters (β, γ and δ) and the values of these are shown in Fig. 9 and selected values are given in Tab. 10.
Silicon (001)
The deflection of plates on the silicon (001) substrate is described by (52) and depends only on β n and γ n . From Tab. (4) and (53) we obtain
The variation of these parameters with inplane rotation angle is shown in Fig. 9 . The highest values (β n = γ n = 0.34615) are obtained when the plate is aligned to the <100> directions, ψ = 0, whereas the minimum value (β n = γ n = 0.23920) is found when the plate is aligned to <110> direction, ψ = π/4. 
Silicon (011)
For plates on the silicon (011) substrate the deflection is given by (55) and depends on the plate deflection parameters β o , γ o and δ o as given by (56). On this substrate β o is in general different from γ o and the value of δ o is non-zero except for ψ = 0 and ψ = π/2 where the plates have an orthotropic symmetry.
Silicon (111)
On the silicon (111) substrate, the deflection is given by (52) and the plate deflection parameters are identical to those for an isotropic plate as given by (62). β n = 0.243 [37] in very good agreement with the Galerkin result of β n = 0.23920. The open circles represents the obtained results when both the center deflection and the plate deflection parameters were varied during fitting (case A), whereas the solid circles represents the case where only the plate deflection parameters were varied (case B). As the correlation between the center deflection and β and γ is large (∼ 0.6) the calculated parameters are closer to the Galerkin results (shown by the different lines) when also the center deflection is varied. For the plate deflection parameter δ o the correlation with the center deflection is small (∼ 0.02) and the two fitting procedures yield essentially the same results (difference less than 0.3%) in close agreement (difference less than 0.5%) with the Galerkin expression (56) for δ o .
Comparison to FEM deflection and measurements
To investigate how small changes in the plate deflection parameters influences the deflection surface we consider a square plate aligned to <110> directions on a silicon (001) substrate. The results from the two fits, A and B, are shown in Tab. 11. The difference in β n found using procedure A and B is 3% and the difference between the results obtained from the fit and the Galerkin expression (67) is 1% and 4% for case A and B respectively. The difference between the Galerkin value and the measurement is 1.6%.
These differences have, however, little effect on the shape of the deflection surface. The full width half maximum of the surface differs by less than 0.1% whereas the Parameter Case A Case B Galerkin (67) Exp. [37] In Case A both β n and w 0 was varied whereas only β n was varied in Case B.
volume of the deflection surfaces differs by less than 0.2%. If the plate was used as an electrode in a capacitive device having a square plate with L/h = 100 and a gap of 3h/5 the difference in the calculated values of β n will only lead to a difference in capacitance of 0.03% when the center deflection is 1/3 of the gap. Likewise, the change in resonance frequency as calculated by (60) for a device having L/h = 100 is only 0.06%. Therefore, the analytical results from the Galerkin calculation can be safely used to predict the deflection surface of the plate.
Examples
We now consider circular and square plates fabricated on a silicon (001) substrate having the plate coordinate system aligned to the [110] direction, i.e. aligned to the primary flat on the wafer such that ψ = π/4. Expressions for the center deflection, strain energy and resonance frequency will be given expressed in terms of dimensions of the plates and appropriate multiplication factors given in Tab. 12. These factors are calculated by using values from tables, 6, 9, and 10, respectively, together with the density of silicon, ρ = 2330 kg · m −3 .
Compliance
In this case the effective compliance matrix is given by (65) which using (64) together with Tab. 8 yields 
Circular plates
For circular plates, the center deflection, (31), strain energy, (35) and resonance frequency, (37), becomes
Square plates
We now consider the case where square plates, a = b = L, are aligned to the primary flat on a silicon (001) wafer, i.e. along <110> directions corresponding to ψ = π/4. This type of plate is particularly important as such plates are easily realized by KOH or TMAH etching of (001) silicon. The value of β (for low doped silicon) for this orientation is β = 0.23920 as obtained from Tab. 10. The center deflection is given by (Tab. 10)
Using values from Tab. 9 the center deflection can be written as
Compared to FEM of a plate having L/h = 100 the deflection calculated using this expression differs only 0.1% from the value found by FEM. The deflection surface, for a low doped plate, is given by (52)
This simple expression for the deflection can be applied to a range of devices including for example calculation of the device capacitance of CMUTs. The strain energy stored in this plate can be calculated from (59) using tables 9 and 10
For a plate having L/h = 100 this equation yields a result being in excellent agreement with a FEM calculation of the strain energy as the calculated value is only 0.35% smaller than the valued predicted by FEM. The resonance frequency of the plate is calculated using (60), β = 0.23920, ρ = 2330 kg / m 3 and values from Tab. 6
Compared to a FEM calculation, using again L/h = 100, this expression yield a resonance frequency only 1.2% larger than the value found by FEM. Using the simplified equation for the resonance frequency, (61), and values from Tab. 6 we obtain
which is only 0.1% smaller than the value found by FEM. The model presented here is clearly in very good agreement with FEM and efficient to use for design and modeling purposes.
Conclusion
The anisotropic plate equation was derived for the case of thin crystalline plates in the small deflection approximation where the effects of stress stiffening can be ignored. Using the plane stress assumption, the number of different plate types for crystalline plates are reduced to five based on their effective compliance matrix and plates having trigonal or hexagonal symmetry behave as isotropic plates. The anisotropic plate equation has five parameters that depends on the elastic constants of the crystal: The four plate equation coefficients, k 1 to k 4 and the generalized flexural rigidity, D a . Expressions for these parameters were determined for any of the five different plate types. The deflection surface of commonly used plate shapes were calculated for the case where the edges of the plates are clamped, and a framework for taking elastic boundary conditions into consideration was established. For circular and elliptic plates exact solutions to the anisotropic plate equation exists. For rectangular and square plates, the Galerkin method was used to determine approximate, yet very accurate, expressions for the deflection. The calculated expressions for the deflection surface, strain energy and resonance frequency are valid for any of the five different plate types, i.e. for plates of any crystal class.
The anisotropic plate equation is very useful for determining the deflection surface, strain energy and resonance frequency of thin plates made on crystalline silicon substrates. The deflection surface, stain energy and resonance frequency were calculated for clamped circular, elliptic, square and rectangular plates on silicon (001), (011) and (111) substrates. For plates made on the trigonal (111) silicon substrates the isotropic plate equation is valid and the mechanical parameters for the plate are given by the Young's modulus and the Poisson's ratio. However, for plates made on (001) and (011) silicon substrates the anisotropic plate equation must be used, and the mechanical parameters of the plates are described by the plate equation coefficients k 1 to k 4 together with the anisotropic flexural rigidity, D a . These parameters depend on the orientation of the plate and expressions for these were calculated for the silicon substrates investigated. For circular and elliptic plates an exact solution to the anisotropic plate equation is available, and calculated results are in excellent agreement with finite element modeling. For the square and rectangular plates the expressions for the plate deflection derived using the Galerkin method are useful as approximations and using three terms in a series expansion the maximum difference in center deflection, strain energy and resonance frequency between the analytical results and the results from FEM was at most 0.1%, 0.35% and 0.1% respectively, for a square plate aligned to the [110] direction on a silicon (001) substrate.
Appendix A. Elastic boundary conditions
We now consider a plate with more realistic boundary conditions, i.e. an elastic boundary. The thin plate is attached to a larger block of material which is fixed far away from the edge of the plate as illustrated in Fig. A.11 . The effect of this is to make the plate more soft and it will appear to have a larger radius, a eff . In a heuristic way we might write a eff = a + ch (A.1)
where c is a constant that needs to be found. Finite element modelling shows that the effect of an elastic boundary is to increase the center deflection with 2% compared to a clamped plate when the aspect ratio is a/h = 100 and this number increases to 11% for an aspect ratio of a/h = 20. For the resonance frequency of the plate the corresponding relative decrease in resonant frequencies are 1% and 6%, respectively. From Eq. 60 and 4 we see, that the resonance frequency of a clamped plate, ω clp , is proportional to h/a 2 whereas the center deflection, w 0,clp , is proportional to a 4 . Then, the resonance frequency, ω eb , and center deflection, w 0,eb , of a plate with an elastic boundary is c. Such plots are shown in Fig. A.11 . The resonance frequency and center deflections were calculated by the FEM tool COMSOL for a circular isotropic silicon plate using rotational symmetry and the aspect ratios used in the calculations were in the range a/h ∈ [10 . . . 200]. Three cases were considered: a) a clamped plate, b) a plate attached to an elastic support having a vertical sidewall and c) a plate attached to an elastic support having a sidewall with an inclined slope, θ = 54.7
• , corresponding to a plate defined by anisotropic etching of silicon using KOH. There is a very good agreement with the model and a value of c = 0.60 is found for the support with the vertical sidewall and c = 0.75 is found for the structure with the inclined sidewall. These numbers were obtained both by calculations based on the center deflections and resonance frequency. When using these numbers together with Eq. A.1 the maximum difference between the deflection or resonance frequency calculated by FEM and the values obtained by assuming that the plate is clamped at the edge is reduced to 0.3% and 0.5% for structures b) and c), respectively.
Appendix B. Euler rotation
The rotation from the fixed crystal coordinate system, x 1 -x 2 -x 3 , to the coordinate system of the plate, x 1 -x 2 -x 3 , can be described using Euler angles. The rotation is performed by three consecutive rotations, as illustrated in Fig. B.12 , which, using the so-called x-convention, are [26] 
